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Abstract. We consider a 3-dimensional Riemannian manifold M
with a metric tensor g, and affinors ¢ and S. We note that the local
coordinates of these three tensors are circulant matrices. We have that
the third degree of g is the identity and ¢ is compatible with g. We
discuss the sectional curvatures in case when ¢ is parallel with respect to
the connection of g.
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1. Introduction

Many papers in the differential geometry have been dedicated on the prob-
lems in the differential manifolds admitting an additional affinor structure f.
In the most of them f satisfies some identities of the second degree f? = id,
or f?2 = —id. We note two papers [7], [8] where f satisfies the equation of the
third degree f2 + f = 0.

Let a differential manifold admit an affine connection V and an affinor
structure f. If Vf satisfies some equation there follows an useful curvature
identity. Such identities and assertions were obtained in the almost Hermitian
geometry in [2]. Analogous results have been discussed for the almost complex
manifolds with Norden metric in [1], [3] and [4], and for the almost contact
manifolds with B-metric in [5] and [6].

In the present paper we are interested in a three-dimensional Riemannian
manifold M with an affinor structure q. The structure satisfies the identity
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q¢* =id, ¢ # +id and ¢ is compatible with the Riemannian metric of M. More-
over, we suppose the local coordinates of these structures are circulant. We
search conditions the structure ¢ to be parallel with respect to the Riemannian
connection V of g (i.e. Vg =0). We get some curvature identities in this case.

2. Preliminaries
It is known from the linear algebra, that the set of circulant matrices of

type (nxn) is a commutative group. In the present paper we use four circulant
matrices of type (3 x 3) for geometrical considerations, as follows:

A B B
(1) (gu) =|B A B , A>B>0,
B B A

where A = A(X', X2, X3), B= B(X!, X2, X%); and X', X2, X® € R.

, (A+B -B  -B
2 (¢)=5 —g A+BB A—BB , D= (A-B)(A+2B),
~ ~ +

| 010
J) =
(3) (a7) = {0 0 1],
4 -1 1 1
:‘7 = —
® =1y

We choose the form in (3) of the matrix ¢ because of the next assertion:
Lemma 1. Let (mij), i, 7 =1, 2, 3 be a circulant non-degenerate matrix

and its third degree is the unit matrix.
Then (mij) has one of the following forms:

100 010
(5) 010}, 00 1],
00 1 100

[l )
_— o O
OO =
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Proof. 1f (mij) has the form

(mij) =

>~ o 9
o o
SIS N

then from the condition (mij)g = F (E is the unit matrix) we get the system

A+ +S+6abe=1
a’b+ac® +b%c=0
ab® + ca® + b = 0.

The all solutions of this system are (5).

3. A Parallel Structure

Let M be a 3-dimensional Riemannian manifold and { e1, €2, 63} be a basis
of the tangent space T, M at a point p(X', X% X3) € M. Let g be a metric
tensor and g be an affinor, which local coordinates are given in (1) and (3),
respectively. Let A and B from (1) be smooth functions of a point p in some

0P
coordinate neighborhood F' C R3®. We will use the notation ®; = Ed for

every smooth function @, defined in F'. We verify that the following identities
are true

(6) ¢ =FE; glex,qy) =g(z,y), =, y€xM,
as well as
(7) gis g7 =6,

Let V be the Riemannian connection of g and I'}; be the Christoffel sym-
bols of V. It is well known the next formula

(8) 2I'}; = 9" (0igaj + 9j9ai — Oagij) -
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Using (1), (2), (7), (8), after long computations we get the next equalities:
Dl = 55 (A4 B)A; — BUB; — 4; — A1),
T = 55 (A + B)2B; - Ay) — BB, — A, + A7)
(9) Tl = 55 (A+ B)A; — B(-Bi+ Bi+ B; + A),
Iy = % ((A+ B)(=By + Bi + Bj) — B(A; + 4;)),

where i #j#kandi=1,2,3,7=1,23 k=12, 3.

Theorem 1. Let M be the Riemannian manifold, supplied with a metric
tensor g, and affinors q and S, defined by (1), (3) and (4), respectively. The
structure q is parallel with respect to the Riemannian connection V of g, if and

only if
(10) grad A = grad B.S.

Proof.
a) Let ¢ be a parallel structure with respect to V, i.e.

(11) Vg =0.
In terms of the local coordinates, the last equation implies
Vig; = 0iq5 + I'5,q7 — I'ijq; =0,
which, by virtue of (3), is equivalent to
(12) Iag" = T4
Using (3), (9) and (12), we get 18 equations which all imply (10).
b) Vice versa, let (10) be valid. Then from (9) we get
Iy =T =T} =03 =Ty =05= %(AAI + B(=3B1 + B + Bs)),
[ =T, =T3; =I5, =T3; =T} = %(Afb + B(B1 — 3B2 + Bs)),

1
2, =T%, =T, =T}, =03, =T3%, = E(AA?’ + B(B; + By — 3B3)).
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Now, we can verify that (12) is valid. That means V;g; =0, i.e. Vg =0.
(Il

Remark. In fact (10) is a system of three partial differential equations
for the functions A and B. Let p(X*', X%, X3) be a point in M. We assume
B = B(p) as a known function and then we can say that (10) has a solution.
Particularly, we give a simple (but non-trivial example) for both functions,
satisfying (10), as follows A = (X1)? + (X?)2 +(X3)%; B= X1X?2 + X1 X3 +
X2X3, where A > B > 0.

4. Sectional Curvatures

Let M be the Riemannian manifold with a metric tensor g and a struc-
ture ¢, defined by (1) and (3), respectively. Let R be the curvature tensor field
of V, ie R(z,y)z = V.Vyz — V,V,2 — V|, ,12. We consider the associated
tensor field R of type (0,4), defined by the condition

R(xayazvu) = g(R(I,y)Z,U), z, Y, =z, U € XM

Theorem 2. If M is the Riemannian manifold with a metric tensor g and
a parallel structure q, defined by (1) and (3), respectively, then the curvature
tensor R of g satisfies the identity:

(13) R(z,y,¢%2z,u) = R(z,vy, 2, qu), z,y,z,u € xM.

Proof. In terms of the local coordinates (11) implies
(14) Riji q = Rij‘ qsl-

Using (3), we verify ¢*; = ¢; ¢* and then from (1), (2) and (14) we obtain
(13).

O

Let p be a point in M and x, y be two linearly independent vectors on T, M.
It is known that the quantity

) _ R(xuy»xvy)
(15) u(lLip) = g(z,x)g(y,y) — ¢*(z,y)

is the sectional curvature of 2-plane L = {xz,y}.
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Let p be a point in M and = = (a', 22, 23) be a vector in T,M. The
vectors x, qx, g’z are linearly independent, when

(16) 3xta?ad # ()3 4 (22)% + (2%)3.

Then we define 2-planes L; = {x,qx}, Ly = {qx,¢*z} and L3 = {¢?x, z}
and we prove the following

Theorem 3. Let M be the Riemannian manifold with a metric tensor g
and a parallel structure q, defined by (1) and (3), respectively. Let p be a point
in M and x be an arbitrary vector in T,M satisfying (16). Then the sectional
curvatures of 2-planes Ly = {x,qx}, Lo = {qz, ¢*x}, Lz = {¢*x,z} are equal.

Proof. From (13) we obtain

(17) R(I7 Y, z, U) = R(I’, Y, 4z, qu) = R(l’, Y, qzza q2u)'
In (17) we set the following substitutions: a) z = z, y = u = qx; b) = ~ gz,
z=qx,y=u=q’x;c) z~ ¢’r, 2= ¢*x, y = u = x. Comparing the obtained

results, we get

R(z, gz, ¢’z x) = R(z, qz, qz, ¢°x)

(18) = R(q2z, z, qv, q2x)
= R(z, qz, x, qx)
and
(19) R(z, qz, z, qx) = R(qz, ¢*z, qz, ¢°x) = R(¢*z, z, ¢*x, x).

Equalities (6), (15), (16) and (19) imply

R(z, qx, x, qx)

pEaip) = plLaip) = wllaip) = 5 =m0 =5

By virtue of the linear independence of z and gz, we have

9 (z,z) — g*(x,qz) = g°(z,x)(1 — cos ) # 0,

where ¢ is the angle between x and qx.
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5. An Orthonormal ¢-Base of Vectors in T, M

Let M be the Riemannian manifold with a metric tensor g and a struc-
ture ¢, defined by (1) and (3), respectively. We note that the only real eigen-

value and the only eigenvector of the structure ¢ are A = 1 and x(ml, x!, xl),
respectively.

Now, let
(20) z = (z', 2%, 2°)

be a non-eigenvector vector of the structure q. We have
(21) g(z,x) = [lz|ll|lzllcos0 = 2], g(z,qz) = |lllgz] cosp = [|z]|* cos ¢,

where ||z|| and ||gz| are the norms of x and gz; and ¢ is the angle between x
and gz.
From (1), (20) and (21) we calculate

(22) g(z,z)=A ((3151)2 + (z%)® + (353)2) + 2B (m1x2 + ol + m2x3) ,

(23) g(z,qr) =B ((331)2 + (2%)? + (333)2) + (A+ B) (a:1332 +atz® + 22 3) .
The above equations imply ||z| = ||gz|| > 0.

Theorem 4.Let M be the Riemannian manifold with a metric tensor g
and an affinor structure q, defined by (1) and (3), respectively. Let x(xt, 22, x3)
be a non-eigenvector on T, M. If ¢ is the angle between x and qz, then we have

27
c|0,—|.
e<(05)
Proof. We apply equations (22) and (23) in cos ¢ = 9(z, q7)
9(z,x)
((z)? + (22)? + (2%)?) + (A + B) (2'2? + 2'2® + 2%27)
A((#1)? + (22)? + (4%)2) + 2B(2'a? + 2'ad + 2227)

, and we get

(24) cos p =

Also we have z(x!, 22, 23) # (2!, 2!, 21) because z is a non-eigenvector
of q.
We suppose that ¢ > 2%, ie. cosp < f%. The last condition and (24)
imply
B((@)? + (22)2 + (%)) + (A + B) (2122 + 2'a® + 2%2%) _ 1
A((z")? + (22)? + (2%)?) + 2B(z'2? + o'a® + 2223)  — 2
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that gives the inequality
(2B + A)((scl)2 + (2%)? + (%) + 2(a'2® + 2'2® + z2x3)) <0.
From the condition A 4+ 2B > 0 we get that
(z)2 + (22)? + (2%)2 + 2(x1x2 4 2lg? +x2x3) <0
and (z! 4+ 22 + 2%)? < 0. The last inequality has no solution in the real set.

Then we have cos ¢ > —3
O

Immediately, from Theorem 4, we establish that an orthonormal ¢-base
(z, qx, ¢*z) in T, M exists. Particularly, we verify that the vector

(25) I(\/AB+\/A+3B VA—B-+A+3B )
2V/A2Z+ AB—2B2 ' 2V/A2+ AB-2B2

satisfies the conditions
(26) glxz,z) =1,  g(x,qr) =0.

The base (z, qz, ¢?z), where x satisfies (25), is an example of an orthonor-
mal g-base in T, M.

Theorem 5 Let M be the Riemannian manifold with a metric tensor g
and a parallel structure q, defined by (1) and (3), respectively. Let (x, qx, ¢*x)
be an orthonormal g-base in T,M, p € M, and v = a.x + B.qx + v.¢*x,
v =208.24+C qr+n.¢*x be arbitrary vectors in Tp,M. For the sectional curvature
w(u,v) of 2-plane {u,v} we have

(a = 85 + 67 — an + B — 1¢)°
(a®+ 582 +42) (62 + 2+ n?) — (ad + B¢ + )
Proof. We calculate

(27)  wlu,v) = 5 1z, qz).

(28) glu,u) = o® + 57 +92, g(v,v) =6+ + 7,
g(u,v) = ad + B¢+ 1.
For the sectional curvature of 2-plane {u,v} we have

R(u, v, u, v)

(29) p(u,v) = glu,u)g(v,v) — g%(u,v)
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Using the linear properties of the metric g and the curvature tensor field R
after long calculations we get

R(u, v, u, v) =(al — B0)*R(x, qx, x, qx)
+ (0y — an)*R(z, ¢°x, z, ¢*x)
+ (81 —v0)*R(qz, ¢°x, gz, ¢*x)
+2(a¢ — 86)(6y — an)R(x, qz, ¢*x, x)
+2(dy — an)(Bn — v¢)R(¢*x, x, gz, ¢°x)
+2(a¢ — 86)(Bn — YO R(x, gz, gz, ¢*x).
From (18), (19) and (30) we obtain

(31) R(u, v, u, v) = ((a¢ — B8) + (57 — an) + (Bn —1C))*R(=, gz, z, qz).
From (28), (29) and (31) we get

(a¢ — 86+ 6y — an + B — 7¢)°
a2+ (2 +42)(02 + 2 +n?) — (ad + B¢+ n)?

The last equation and (26) imply (27).

p(u,v) = ( R(z, qz, z, qx).

]

Corollary 1. Let u be an arbitrary non-eigenvector in T,M, p € M,
and 6 be the angle between u and qu.
Then we have

0 2
(32) (o, qu) = (e, go) tan® 0 6 (o,?f).

Proof. In (27) we substitute v = qu, 6 =+, { = a, n = 3 and we obtain
(@® + 5% +7° — By — aff — ay)?
a?+ 32 +9%)% — (ay + af +0)
Then from (28) we get

p(u, qu) = ( 5 Wz, qz).

(g(u, u) — g(u, qu))?

U, qu) = x,qx),
PO = 2 ) — 2, gu) #)
ie. ( 5)2
1 — cos
p(u, qu) = 1 —cos20 u(z, qz),
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which implies (32).
O

Corollary 2. Let u,v be an arbitrary non-eigenvectors on T,M, p € M,
and 6 be the angle between u and qu, and 1 be the angle between v and quv.
Then we have

2
/’[’(ua qu) ta’n2 % = /.L(U, qv) tan2 27 Tﬁ’ e (Oa ;-) .

The proof follows immediately from (32).
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BbPXY TPUMEPHO PUMAHOBO MHOT'OOBPA3NE
C JOII'bJIHUTEJIHA CTPYKTVYPA

T'eopru xenenos, sa Hoky3sosa, Jumurbp Pazmonos

Pestome. Muoro nayysu paboTu ca ocBeTeHN Ha, TUMEPEHITHATHATE MHO-
roobpasusi, JOIMyCKAIN IoIbaanTeHa adunopaa crpykrypa f. Ilosedero ot
THAX PA3IVIEXKIAT CTPYKTYPa Ha IOYTH IPOU3BEJIEHUE WJINA IIOYTH KOMILJIEKCHA
crpykrypa. [lle orbenexxum, ge K. dno nma mybaukanum, B KOUTO CTPYKTypaTa
VJIOBJIETBOPSIBA YPABHEHME 32 TPeTaTa CH CTEIlEH.

Axko MHOr00Opasmero JomycKa aduHHA CBBP3AHOCT V, TO PH OIpee/IeHn
ycnoBus 3a V f ce mosiyuaBa ThXKIECTBO 38 KPUBUHHUS TeH30D. TakaBa 3amada
e pelrreHa B 10YTH epmuToBaTa reomerpust or A. I'peil, a mo-kbcHo 3a modTn
KOMILJIEKCHUTE MHOI000pa3usi ¢ HopjieHoBa MeTpuka orT A. Bopucos, I'. T'anyes,
K. I'pubaues, I'. Txenenos, /1. Mekepos.

B nacrosimara pabora pasriexjaMe TPUMEPHO PUMAHOBO MHOIOOOpas3ue ¢
JOI'bJTHUTETHA a(pUHOPHA CTPYKTYpPa, YUATO TPETA CTEIEH € UIEHTUTETHT. J1o-
KAJIHUTE KOOPJIUHATH HA METPUIHATA CTPYKTYPA U HA JOMbJIHATETHATA CTPYK-
Typa ca mupKyiaanTau. Hamupame yciioBusi, Ipu KOUTO CTPYKTypaTa € Iapa-
JIEJIHA 110 OTHOINEHNe Ha PUMAHOBATa CBbP3aHOCT. B TO3u ciydail moJiydyaBamMe
HSIKOU T'hbXKJECTBa 38 KPUBUHUTE.
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