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Abstract. We consider a four-dimensional Riemannian manifold M with
an additional structure S, whose fourth power is minus identity. In a local
coordinate system the components of the metric g and the structure S
form skew-circulant matrices. Both structures S and g are compatible,
such that an isometry is induced in every tangent space of M. By a
special identity for the curvature tensor, generated by the Riemannian
connection of g, we determine classes of Einstein and almost Einstein
manifolds. For such manifolds we obtain propositions for the sectional
curvatures of some characteristic 2-planes in a tangent space of M. We
consider a Hermitian manifold associated with the studied manifold and
find conditions for g, under which it is a Kéhler manifold. We construct
some examples of the considered manifolds on Lie groups.
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1. Introduction

The right circulant matrices and the right skew-circulant matrices are Toeplitz
matrices, which are well-studied in [1,3]. The set of invertible circulant (skew-
circulant) matrices form a group with respect to the matrix multiplication.
Such matrices have application to geometry, linear codes, graph theory, vibra-
tion analysis (for example [2,7,9,11,13,14]).

A. Gray, L. Hervella and L. Vanhecke used curvature identities to classify
and to study the almost Hermitian manifolds (for instance in [4-6,15]). The
Hermitian manifolds form a class of manifolds with an integrable almost com-
plex structure J. The class of the Kéhler manifolds is their subclass and such
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manifolds have a parallel structure J. According to A. Gray, the K&hler man-
ifolds have an especially rich geometric structure, due to the Kéhler curvature
identity R(-,-,J-,J-) = R(+,-,-, ). Some of the recent investigations on the cur-
vature properties of the almost Hermitian manifolds are made in [8,10,12,16].

In the present work we study a four-dimensional differentiable manifold M
with a Riemannian metric g. The manifold M is equipped locally with an
additional structure S, which satisfies §* = —id. The component matrix of S is
a special skew-circulant matrix, i.e., S is a skew-circulant structure. Moreover,
S is compatible with g, such that an isometry is induced in every tangent
space of M. Such a manifold (M, g, S) is associated with a Hermitian manifold
(M, g,J), where J = S? is a complex structure.

The paper is organized as follows. In Sect. 2, we introduce a manifold (M, g, S)
and give some necessary facts for our investigations. In Sect. 3, we obtain a
class of almost Einstein manifolds (M, g, 5) and a class of Einstein manifolds
(M,g,S). In Sect. 4, we get conditions under which an orthogonal basis of
type {S3x, S%x, Sz, 2} exists in every tangent space of (M, g, S). In Sect. 5, we
find some curvature properties of the considered Einstein and almost Einstein
manifolds. In Sect. 6, we obtain a necessary and sufficient condition for S
to be parallel with respect to the Riemannian connection of g. Also, we get
conditions for (M,g,J) to be a Kéhler manifold. In Sect. 7, we construct
examples of the considered manifolds on Lie groups and find some of their
geometric characteristics.

2. Preliminaries

Let M be a 4-dimensional Riemannian manifold equipped with an endomor-
phism S in every tangent space T, M at a point p on M. Let the coordinates
of S, with respect to some basis {e;}, form a right skew-circulant matrix as
follows

(S%) = (2.1)

o O O

1 0 0
0 1 0
0 0 1
-1 0 0 O
We use local coordinates to facilitate our calculations.

According to (2.1) S has the property

St = —id. (2.2)
We assume that the metric g and the structure S satisfy
9(Sz, Sy) = g(z,y). (2.3)

Here and anywhere in this work, z,¥, z,u will stand for arbitrary elements
of the algebra on smooth vector fields on M or vectors in 7, M. The Einstein
summation convention is used, the range of the summation indices being always

{1,2,3,4}.
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The conditions (2.1) and (2.3) imply that the matrix of g, with respect to the
local basis {e;}, has the form

A B 0 -B
B A B 0
-B 0 B A

i.e., it is right skew-circulant. Here A = A(p) and B = B(p) are smooth
functions of an arbitrary point p(X*', X2, X3, X*4) on M. The determinant of
the matrix (2.4) has the value det(g;;) = (4% — 2B?)2. It is supposed that

A(p) > V2B(p) >0 (2.5)
in order g to be positive definite.
A manifold M introduced in this way we denote by (M, g, 5).
Now, we consider an associated metric g with g, determined by
§(z,y) = g(z, Sy) + g(Sz,y). (2.6)
Using (2.1), (2.4) and (2.6) we get that the matrix of its components is

9B A 0 —A
. |4 2B 4 0
@i)=109 A4 a3 A
A 0 A 2B

2.7)

Two of the eigenvalues of (2.7) are 2B — V/2A and the other two are 2B +v/2A.
Since inequalities (2.5) are valid, § has signature (2,2). So g is an indefinite
metric.

The inverse matrices of (g;;) and (g;;) are as follows:

A -B 0 B

1 B A -B 0
iJ\
W)=t —9m |0 -B a4 —B| (2.8)
B 0 -B A
9B A0 —A
1 A 2B A 0
e
@) =sa—eEy | 0o A 2B A (2.9)
A 0 A -2B

Let V be the Riemannian connection of g. The curvature tensor R of V is
determined by

R(z,y)z = V,Vy2 =V, V2 — Vg 2. (2.10)
The tensor of type (0,4) associated with R is defined by
R(z,y,z,u) = g(R(x,y)z,u). (2.11)
The Ricci tensor p with respect to g is given by the well-known formula
p(y:z) = 9" R(ei,y, 2,¢)- (2.12)

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



9 Page 4 of 18 I. Dokuzova and D. Razpopov J. Geom.

The scalar curvature 7 with respect to g and its associated quantity 7* are
determined by

T =g"p(ei, €;); ™ = G p(e;, €;). (2.13)
Now, we consider a manifold (M, g, S) with the condition
VS =0. (2.14)

i.e., S is a parallel structure with respect to V.

Proposition 2.1. Every manifold (M, g,S) with a parallel structure S satisfies
the curvature identity

R(z,y,Sz, Su) = R(z,y, z,u). (2.15)
Proof. The well-known formula (V,S)y = V,Sy—SV.y, together with (2.14),
yields
VSy = SV,y. (2.16)
On the other hand, the equality (2.10) implies
R(x,y,Sz,Su) = g(R(:z:, y)Sz, Su).

Because of the latter identity, using (2.3), (2.10), (2.11) and (2.16), we get
(2.15). 0

Due to the last proposition, we note that the identity (2.15) defines a more
general class of manifolds (M, g,S) than the class with the condition (2.14).
Farther in this paper, we will investigate the properties of manifolds in these
two classes.

3. Almost Einstein manifolds

In this section we consider manifolds (M, g, S) with the property (2.15).

By Rijrn and p;; we will denote the components of the curvature tensor R
and the components of the Ricci tensor p with respect to the local basis {e;},
respectively. Hence, we establish the following propositions.

Proposition 3.1. The property (2.15) of the curvature tensor R of (M,g,S) is
equivalent to the conditions

Ri313 =Rogo4 = Rizoq = 2R1212 = 2R1414 = 2R9393 = 2R3434
=2R1223 = 2R1214 = 2R1434 = 2R1234 = 2R2334 = 22314,

R1213 =R1224 = Ria13 = Roa14 = Roaos = Roz13 = Risga = Roaza.  (3.1)

Proof. The local form of (2.15) is
RijimSLST = Rijkn. (3.2)
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Then, using (2.1), we find the equalities
Ri313 =Ro424 = Ri324,
Ri212 =Ri414 = Ro323 = R3434 = Ri223 = Ri214 = Ri434 = Ri234
=Ro334 = Ra314,
Ri213 =Ri224 = Ri413 = Ros14 = Rosg3 = Ra313 = R334 = Roa34.

By applying the Bianchi identity to the above components of R, we obtain
(3.1).

Vice versa, from (2.1) and (3.1) it follows (3.2), so (2.15) holds true. O

Proposition 3.2. If a manifold (M, g,S) has the property (2.15), then the com-
ponents of the Ricci tensor p satisfy

P11 = P22 = P33 = Pas, P12 = P23 = P34 = —pP14, P13 =p2a=0. (3.3)
Proof. Due to Proposition 3.1, the components of the curvature tensor R sat-
isfy (3.1). For brevity, we denote

Ry = Riz13, Ra = Riois. (3.4)
Thus, having in mind (2.8), (2.12), (3.1) and (3.4), we get the components of
p as follows:
P11 = P22 = P33 = a4 = #(2332 — ARy)
A% —2B2 ’
2

Pl2 = P23 = P34 = —P14 = m(BRl — ARs),
p13 = p24 = 0. (3.5)
So the equalities (3.3) are valid. O

A Riemannian manifold is said to be Einstein if its Ricci tensor p is a constant
multiple of the metric tensor g, i.e.

p(r,y) = ag(z,y). (3.6)

In [17], for locally decomposable Riemannian manifolds is defined a class of
almost Einstein manifolds. For the considered in our paper manifolds, we give
the following

Definition 3.3. A Riemannian manifold (M, g, S) is called almost Einstein if
the metrics g and g satisfy

p(z,y) = ag(z,y) + Bg(x,y), (3.7)

where o and 3 are smooth functions on M.

Theorem 3.4. The manifold (M, g,S) with the property (2.15) is almost Ein-
stein.
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Proof. According to Proposition 3.2, for (M, g, S) the equalities (3.3) are valid.
Consequently, using (2.8), (2.9), (2.13) and (3.3), we get the values of the scalar
curvature 7 and 7* as follows:

T A24_42B2 (Ao = 2Bpr2), 7" = —4232 (Ap12 = Bpur).
Immediately from the latter equalities we have
P11 = %A + ?B, P12 = %B + TZ*A, (3.8)
and bearing in mind (2.4) and (2.7) we get
T * T .
P11 = 9 + 9 P12 = 0 + 912

Then, taking into account (2.4), (2.7), (3.3) and (3.8), we obtain

*

T T
Pij = 3 9i5 T 7 Yig> (3.9)
ie.
T T
pla,y) = 79(x,y) + il y). (3.10)
Therefore, comparing (3.10) with (3.7), we state that (M, g,S) is an almost
Einstein manifold. 0

Let (M, g, S) satisfy the conditions of Theorem 3.4. If we suppose that (M, g, S)
is an Einstein manifold, then its Ricci tensor p has the form (3.6). Hence (3.10)
implies the following

Corollary 3.5. If the manifold (M,g,S) with the property (2.15) is Einstein
then

™ =0. (3.11)

In the next theorem, we express the curvature tensor R of an almost Einstein
manifold (M, g,S) by both structures g and S.

Theorem 3.6. Let (M, g,S) have the property (2.15). Then the curvature ten-
sor R has the form

T

R= 2 (2m +73) + %m, (3.12)
where
mi(z,y, z,u) = gy, 2)g9(x, u) — g(z, 2)g(y, u),
To(2,y, 2,u) = g(y, 2)g(z,u) + g(z,u)g(y, 2)
—9(z,2)4(y, u) — g(y, u)g(z, 2),
m3(2, Y, 2,u) = §(y, 2)g(z, u) — §(2, 2)3(y, u). (3.13)
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Proof. Due to Proposition 3.2, the components of the Ricci tensor p of (M, g, S)
are given by (3.5). Therefore, by straightforward computation, we get

Ry = *%(Apn + 2Bp12) Ry = *%(B,Dn + Ap12).
We substitute (3.8) into the above equalities and obtain
Ry = %((AQ +2B%)1 4+ 4ABT"),
Ry = —%(QABT +(2B* + A%)T"). (3.14)
From (2.4), (2.7), (3.4) and (3.14) it follows
Riz13 = 116 (2(913931 — 911933) + G13G31 — §11§33)

(913931 + G13931 — 11933 — 911733)

*

_|_
8
T - - - .
Rio13 = E (2 913921 — 911923) + 913921 — 911923)
+

3 (913921 + G13921 — G11923 — 911023)-

Consequently, using (2.4), (2.7), (3.1), (3.4) and (3.14), we have

T . -
Rijrn = 6 (2(gihgjk — GikGjn) + Jinljx — gikgjh>

T ~ ~ ~ ~
+ 5 (inds + Gingsn = Gingin = 9ikdin)
which is a local form of (3.12) with (3.13). O

4. Orthogonal S-basis of T,, M

If  is a vector in a tangent space T,M of (M, g, S), then applying (2.1) we get
the system of vectors {S®x, S%x, Sz, x}. We will use a basis and an orthogonal
basis of the type {S3z, S?x, Sz,z} in T, M. Therefore, in this section we will
consider the existence of such bases.

If x is a nonzero vector on (M, g, S), then according to (2.1) we have Sz # +ux.
Thus the angle ¢ between x and Sz belongs to the interval (0, 7). Evidently,
the vectors z, Sz, S?x and S3x determine six angles, which belong to (0, ).
For these angles we establish the next statement.

Theorem 4.1. Let x be a nonzero vector on (M,g,S). Then
/(zx,Sz) = £(Sx,S%x) = £(S%x,8%x) = ¢, Z(x,S%z) =7 — ¢,

/(x,8%x) = £(Sx, S%z) = (4.1)

il
2’
where ¢ € (0,7).
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Proof. Let x = (z!, 2%, 2, 2%) be a nonzero vector on (M, g, S). By using (2.1),
we get

Sz = (22,23, 2%, —x'), %z = (23,2, —2', —2?),
S = (2, —at, —2? —2%). (4.2)
Having in mind the components of z, also (2.4) and (4.2), we calculate
gz, 2) =A((«")* + (2%)* + (2%)7 + (a1)?)
+2B(z'2? + 2223 + 232t — zlat),
g(x, Sz) =A(x'2® 4+ 2223 + 232* — 2ta?)
+ B((z")?* + (22) + (2*)* + (2%)?)). (4.3)
From (2.2) and (2.3) it follows
g(z, Sr) = —g(x, S%x), g(x,S%z) = 0. (4.4)

Now, due to (2.3) and (2.5), we can determine the angle ¢ between = and S,
and the angle ¢ between x and S2z as follows:

saS) L glns%)
g(x, ) g(x, )
We apply (4.3) and (4.4) in (4.5) and find

Aa'a? + 220° + 2®at — 2'2%) + B((21)? + (22)% + (%)% + (a4)?)
A(()? + (22)2 + (43)2 + (24)?) + 2B (2122 + 2223 + 232t — zla?)
cos¢ = 0.

Then, bearing in mind (2.3) and (4.4), we get (4.1). O

cosp = (4.5)

cosp =

Definition 4.2. A basis of type {S3z, Sz, Sz, x} of T,M is called an S-basis.
In this case we say that the vector x induces an S-basis of T, M.

The following statements hold.

Theorem 4.3. Every nonzero vector x = (x, 2% 2%, %), which satisfies
41,21,4((331)2 _ (x3>2) + 4$1$3(($4)2 _ (1‘2)2)

induces an S-basis of T, M.

Proof. If a nonzero vector € T), M has coordinates (2!, 22,23, 2*), then using

(4.2) we get the determinant formed by the coordinates of the vectors z, Sz,
S2x and S3z. It is
A= 4x2x4((x1)2 - (x3)2) + 4x1x3((9c4)2 _ (w2)2)
+ (@) + @)+ (@) + (@)
In case that (4.6) is valid, we have A # 0, which implies that z, Sz, S?z and
S3x form a basis. O
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Lemma 4.4. Let a vector x induce an S-basis and let ¢ be the angle between x
and Sx. The following inequalities are valid:

iy
z il 4.7
<9< (4.7)

Proof. We suppose without loss of generality that g(z,z) = 1. Thus, because
of (2.3), (4.4) and (4.5), we find

g(JZ,SJ?) = g(vasQ‘r) = g(SZ'TaSE;x) = —g(x,ng) = Cos o,
g(x,S?*z) = g(Sxz, S%x) = 0. (4.8)

We consider a nonzero vector y, such that
y = — cos px + S — cos pS2x. (4.9)

Since g is a Riemannian metric we have g(y,y) > 0. Substituting (4.9) into
the latter inequality, and using (4.8), we get

1—2cos? ¢ > 0.

Then, taking into account 0 < ¢ < 7, we obtain (4.7). O

According to Theorem 4.3, there are many S-bases of 1), M. Hence, bearing in
mind Theorem 4.1 and Lemma 4.4, we arrive at the following

Theorem 4.5. For every manifold (M, g,S) there exists an orthogonal S-basis
of T,M.

5. Curvature properties of (M, g, S)

The sectional curvature of a non-degenerate 2-plane {z,y} spanned by the
vectors z,y € T),M is the value

R(x3 y? :1“7 y)
g(z,2)9(y,y) — ¢*(x,y)

k(xz,y) = (5.1)

Let a vector = induce an S-basis of T,M for (M, g,S). There are determined
six 2-planes {z, Sz}, {x, Sz}, {x, S32}, {Sx, S?z}, {Sz, S3x} and {S%x, S32}
in T, M. For the angles between the pairs of vectors equalities (4.1) are valid.
Moreover, the angle ¢ = /(z,Sz) satisfies (4.7). In the next theorem we
establish the relations among the sectional curvatures of the 2-planes generated
by an S-basis, the angle ¢, the scalar curvature 7 and 7*.

Theorem 5.1. Let (M, g,S) have the property (2.15) and let a vector x induce
an S-basis. Then the sectional curvatures of the 2-planes, determined by the
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S-basis, are

k(x,Sz) = k(Sz, S%z) = k(z, S®z) = k(S?z, S)

1
=————(7(1+2cos® 47* cos
T6(cosZp— 1) (T( + 2cos” @) + 47 CObgo),
1
k(x, S%z) = k(Sz, Sz) = 3 (7’(1 + 2cos? @) + 47" cos <p), (5.2)

where ¢ = Z(x, Sx).

Proof. Let a vector x induce an S-basis. The equalities (2.3), (4.4) and (4.5)
imply
g(x, Sz) = g(Sz, S?x) = g(S?x, S%z) = —g(z, S3x) = g(x, x) cos p,
g(x, S%z) = g(Sz,S%x) = 0. (5.3)

Hence, from (2.2), (2.3), (2.6) and (5.3), we find
§(z,7) = 29(z, 2)cos,  §(z, %) =0,
g(x, Sz) = —g(x, S%z) = g(x, ). (5.4)

Applying (3.12), (3.13), (5.3) and (5.4) in (5.1), we obtain (5.2). O
Corollary 5.2. Let a vector x induce an orthonormal S-basis. Then

k(z, Sz) =k(Sx, S%z) = k(z, S3z) = k(S%z, S*z) = f%,

k(z, S%z) =k(Sz, $3z) = —g.
Proof. The proof follows directly from (5.2), when ¢ = 7. O

Due to Theorem 5.1 and Corollary 3.5 we establish the following

Proposition 5.3. If (M, g, S) with (2.15) is an Einstein manifold, then the sec-
tional curvatures of the 2-planes, determined by an S-basis, are
7(1+ 2cos? )

k(w, S2) =h(Sz, 5%) = b, $°7) = b(S*2, 5%) = o5 =

k(z, $%z) =k(Sz, S3z) = —é(l 1 2c082 ).

Now, we recall that the Ricci curvature in the direction of a nonzero vector x
is the value

r(z) = . (5.5)

Theorem 5.4. Let (M, g,S) have the property (2.15). If a vector x induces an

S-basis, then the Ricci curvatures in the direction of the basis vectors are
*
r(z) = r(Sz) = r(S?%z) = r(S3z) = T + %

1 Ccos p, (5.6)
where p = £(x, Sx).
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Proof. In the course of the proof of Theorem 3.4, we find that p is given by
(3.10). Then, using (2.3), we obtain

pla,x) = p(Sz, Sx) = p(S*z, $%x) = p(S°z, S°x)

*

T T .
- Zg(xax) + Zg(xax)' (57)
Let a vector x induce an S-basis. From (2.3), (5.4), (5.5) and (5.7) it follows
(5.6). O

Proposition 5.5. Let (M, g, S) with (2.15) be an Einstein manifold. If a vector
x induces an S-basis, then the Ricci curvatures in the direction of the basis
vectors are

r(z) = r(Sz) = r(S*z) = r(S%z) = %

Proof. The above equalities follow directly by substituting 7 = 0 into
(5.6). O

6. Manifolds with parallel structures

In this section we study a manifold (M, g, S), whose structure S satisfies (2.14).
Also, we consider an associated manifold (M, g,.J) with a structure J = S2.
Bearing in mind (2.1) and (2.3), we get that the manifold (M, g, J) is Hermitian
and the structure .J is complex. In case that .J is parallel (M, g, J) is a Kdhler
manifold. The characteristic condition of a Kéhler manifold is

vVJ=0. (6.1)
Evidently, for the structure J = S2, the equality (2.14) implies (6.1).

Theorem 6.1. Let (M, g, S) have the property (2.14). Then the scalar curvature
7 and 7" satisfy

3n=15—Ti, 3na=T 474, 33=74+Ti, 3ma=-—-71 +75, (6.2)
where Ti:%,T;‘:g}TO.

Proof. 1t is known that in a Riemannian manifold for the scalar curvature 7
and the Ricci tensor p it is valid

o1
Vipk = 5 Vi, (6.3)

where pi = parg®.

On the other hand, if (M, g,5) satisfies (2.14), then it satisfies (2.15). There-
fore, the Ricci tensor has the expression (3.9). Hence, from (2.1), (2.4), (2.7),
(2.8) and (3.9), we get

*

i _ T T i i
Pk =70kt Z(Sk - (S1)%),
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where 512 are the Kronecker symbols. Using the above equalities, (2.14) and
(6.3) we obtain

Tici | Ti(qi i
Tk = 1151@ + Z(Sk —(81)%).
where because of (2.1) it follows (6.2). O

6.1. Conditions for parallel structures

Theorem 6.2. The manifold (M, g,S) satisfies (2.14) if and only if
A1 :BQ—B4, A2:B1+Bg, A3:BQ+B4, A4:Bg—Bl, (64)

0A 0B
where Al—ﬁ, l—ﬁ

Proof. 1t I';; are the Christoffel symbols of V, then

VSt = 0,8t + T, SF =T}, S4. (6.5)
Together with (2.14), (6.5) yields
ISy =TVS;. (6.6)
From (2.1) and (6.6) we get
Fh = F%z = F?s = I\4114 = ng = Fgg = —I‘§4 = _Fclaia = _F§4 = _Fizlv
F% = 1—‘?2 = F%s = _Fh = Féz = _1—%3 = _1%4 = _ng = _F§4 = —Fi4,
F?l = lelz = —F%?, = _Ff4 = _F%2 = —F§3 = —ngx = —F§3 = _F§4 = lew
Fill = *Fiz = *F%:s = *F§4 = *ng = *ng = *Flzlzl = *Fg?, = le54 = F4214-

Then, applying (2.4) and (2.8) in the well-known identities
2% = 9*(9i9aj + 9j9ai — Dalij), (6.7)
we obtain conditions (6.4).

Vice versa. From (2.1), (2.4), (2.8), (6.4) and (6.7) it follows (6.6). Conse-
quently, by (2.1), (6.5) and (6.6) we get (2.14). O

Theorem 6.3. The manifold (M,g,J) is Kahler if and only if the equalities
(6.4) are valid.

Proof. Having in mind (2.1), we get that the components of the structure
J =82o0n (M,g,J) are given by the skew-circulant matrix

0 0 1 0
0 1
-1 0 0 O (6.8)
0 O
Let (M, g,J) be a Kahler manifold. Therefore, from (6.1), (6.8) and
ViJ} = 0;J) + i Jy — T Jf
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it follows
IhJF =T5 L (6.9)
Together with (6.8), (6.9) yields
F%l = F:1)’3 = —F§3,F‘114 = Fg?, = F%2 = _F:2>)47 ng = —1“%4 = —F§14a
F% = Fils = —Fggarh = Fés = —F:%z = F§4, F%z = —F§4 = _Fim
F?l = _F%g = —ng, F%zx = Fg:a = _Féll2 = P§4,F%2 = F§4 = _F4114a
Féﬁ = _F%:s = _P§3= F?zx = ng = F%z = —F§,4,F§2 = F§4 = —I‘Z4.

From the above equalities, using (2.4), (2.8) and (6.7), we get conditions (6.4).

Vice versa. From (6.4) it follows (2.14) and hence (6.1). So J is a parallel
structure. O

Bearing in mind Theorems 6.2 and 6.3 we state the following

Corollary 6.4. The structure S of (M, g, S) is parallel with respect to V if and
only if the structure J of (M,g,J) is parallel with respect to V.

7. Lie groups as 4-dimensional Riemannian manifolds with
skew-circulant structures

Let G be a 4-dimensional real connected Lie group and g be its Lie algebra with
a basis {x1,x9, x3,z4}. We introduce a tensor structure S and a left invariant
metric g as follows:

Sl‘l = —X4, Sl‘g =T, S.Z‘g = T2, S.Z‘4 = I3, (71)
ooy O A
sty = {0127 (72)

Obviously (2.2) and (2.3) are valid. Therefore (G, g, S) is a Riemannian man-
ifold of the considered type.

If we suppose that S is an Abelian structure on a Lie group G, then the
commutators [z;, z,] satisfy

[xi, ;] = [Swz;, Sz;]. (7.3)
The conditions (7.1), (7.3) and the Jacobi identity for [z;,z;] imply
(21, 22] = [T1, 24] = [T2, T3] = [T3, T4] = M171 + AaT2 + A3¥3 + Ay,
(1, 23] = [2, 4] = (A2 — A)w1 4+ (A1 + A3)w2 + (A2 + Ag)23
+ (A3 — A)zy, (7.4)
where \; € R.

In this section we investigate a manifold (G, g, S) with a Lie algebra g deter-
mined by (7.4), i.e., a manifold (G, g, S) with an Abelian structure S.
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Theorem 7.1. Let (G, g,S) be a manifold with a Lie algebra g determined by
(7.4). Then (G,g,S) has the property (2.14).

Proof. The well-known Koszul formula implies

29(Va g, ar) = g([s; x5], 2x) + g([wn, wil, 25) + g(lwn, w5, 1),
and having in mind (7.2) and (7.4), we find

Vi, 1 = —Ai(xo + x4) + (A4 — A2)xs,
Vi, o = Ai(21 — x3) + (A — A2) 14,
Va3 = Ai(r2 — x4) + (A2 — Ag) 71,
Vo s = Mz +23) + (A2 — A1)z,
Vi, @1 = —Xa(xo + x4) — (A1 + A3)xs,
Vi, o = (w1 — x3) — (A1 + A3) 14,
Va3 = Aa(x2 — x4) + (A1 + A3)x1,
Vs = Aa(x1 + 23) + (A1 + A3)22,
Va1 = —A3(22 + 24) — (A2 + Ag)23,
Vi, o = A3(w1 — x3) — (A2 + Ag) 1y,
Vi@ = Az(x2 — 24) + (A2 + Ag)x1,
Viss = As(x1 + 23) + (A2 + Ag)xa,
Vi1 = =2 + x4) + (A1 — A3)xs,
Va2 = A(w1 — x3) + (A1 — A3) 14,
Vi3 = (w2 — 24) + (A3 — A1)y,
Vie®s = A2y +23) + (A3 — Ap)e. (7.5)

From (7.1), (7.5) and the formula (V,,S)z; = V,,Sz; — SV,,z; we get
(Va,S)z; =0, i.e. (2.14) is valid. 0

Further, using (2.10), (2.11), (7.2), (7.4) and (7.5) we calculate the following
components of the curvature tensor R:

Ri313 = Roa24 = Ri324 = 2R1212 = 2R1414 = 2R2323 = 2R3434
= 2R1223 = 2R1214 = 2R1434 = 2R1234 = 2R23314 = 2R2314
=2\ + A3+ A3+ )9,
Ri213 = Ri224 = R1413 = Roq14 = Ro4203 = Roz13 = Ri334 = Rag3q
— 20\ A2 + Aads + Asds — ALy, (7.6)

The rest of the nonzero components are obtained from the properties

Rijrs = Rrsij, Rijiks = —Rjiks = —Rijsk.
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From (7.2), (7.6) and the formula (2.12) we get the components of the Ricci
tensor p:

p11 = P22 = p33 = pas = —4(A] + A3 + A3 + AJ),

p12 = p23 = p3a = —4(A1 A2 + Aoz + Azdy — A y),

p13 =p2a =0, p1a = —pi2. (7.7)

Now, using (7.1) and (7.2) we find the components of § determined by (2.6),
and the components of its inverse. They are as follows:

g11 = g22 = §33 = Gaa = 0,G12 = 23 = G34 = —G14a = 1,G13 = goa = 0,

gll — §22 — 933 :§44 — 07§12 :§23 — 934 — _g14 — %7g13 — ~24 = 0.

Then, from (2.13), (7.2) and (7.7), we get the values of the scalar curvature 7
and 7 as follows:

7= —16(A2 + X2+ 22+ 2\2), 7F = —16(A A2 + dods + Ashy — A hg). (7.8)

Consequently, the components of g and p, the values of 7 and 7*, given by (7.2),
(7.7) and (7.8) respectively, satisfy (3.9), i.e., (G,g,S5) is an almost Einstein
manifold.

Further, from (5.1), (7.2) and (7.6), for the sectional curvatures of the basic
2-planes we find

/{J(ZEQ,I4) = k($1,1‘3) = 2()\% + )\% + /\:23 + )\Z),

E(x1,22) = k(x1, 24) = k(zo, x3) = k(zs,24) = A2 + A2+ A2 4+ X2, (7.9)

Therefore, we arrive at the following

Theorem 7.2. Let (G, g,S) be a manifold with a Lie algebra g determined by
(7.4). Then

the nonzero components of the curvature tensor R are (7.6);

the components of the Ricci tensor p are (7.7);

the scalar curvature T and 7 are (7.8). The manifold is almost Einstein;
the sectional curvatures of the basic 2-planes are (7.9).

i
(ii
i.

(iil

(iv

—_

7.1. Einstein manifolds

Let G’ be a subgroup of G, where (G, g, S) is a manifold with a Lie algebra g
determined by (7.4). Let (G’, g,S) be an Einstein manifold. Bearing in mind
Corollary 3.5 and the second equality of (7.8) we construct two examples of
such a manifold.

Case (A) )\3 = )\1, )\2 = 0,
Case (B) )\1 = )\2 + )\4, )\3 = )\4 — )\2.

We note that these cases exhaust the set of Einstein manifolds (G’, g, S) with
an Abelian structure S.
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Let us consider the case (A). With the help of (7.4), (7.7), (7.8) and (7.9), we
prove the following

Proposition 7.3. Let (G',g,S) be a manifold with a Lie algebra g determined

by
[21, 22] = [z1, 24] =[22, 73] = |23, T4] = M1 + Mw3 + Ay,
[z1, 23] = [T2, T4] = — Max1 + 2M1 22 + A\g7s.
Then
(i) the nonzero components of p are p11 = pao = p33 = paa = —4(2A2 + \?);
(ii) the scalar curvature is T = —16(2)\2 + \3);

(iil) the sectional curvatures of the basic 2-planes are

k(wg,x4) = k(w1,23) = 2(2\] + A}),
k(x1,22) = k(x1,24) = k(22,23) = k(x3,24) = 2)\% + )\i.

For the case (B), with similar calculations, we establish the following

Proposition 7.4. Let (G',g,S) be a manifold with a Lie algebra g determined

by
[, 2] = [21, 24] = [w2, 23] = [23,24] = (N2 + Aa)z1 + Ao
+ (A1 — A2)xs + Ay,
[Il,l’g] = [:172, 134} = ()\2 — /\4)£E1 + 2)\4562 + ()\2 + )\4)1‘3 — 2)\21'4.
Then
(i) the nonzero components of p are p1y = pas = p33 = pas = —12(A3 + \2);
(ii) the scalar curvature is T = —48(\3 + \2);

(iii) the sectional curvatures of the basic 2-planes are

k(x2,x4) = k(z1,23) = 6(A3 + AJ),
k(zy1,20) = k(x1,24) = k(z2,23) = k(23,24) = 3(\2 + \2).

Conclusion

In fact, we investigate two classes of manifolds (M, g,S). The wider class
consists manifolds with the property (2.15). The manifolds with a parallel
structure S belong to the narrower class. In both classes Einstein and almost
Einstein manifolds are determined. In both classes curvature properties of
(M, g, S) are obtained. Examples of manifolds with a parallel structure S are
constructed on Lie groups. Our future problem is to construct an example of
a manifold (M, g, S) which satisfies (2.15), but does not satisfy (2.14).
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